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INTRODUCTION 
The interface between two solids has properties differing from those of the bulk 
media. The actual structure of such an interface depends on the particular type of 
solid contact: contact formed during solidification, metallurgical solid bond, dry 
mechanical or lubricated contact, et cetera. The classical boundary conditions which 
are satisfied for an infinitely thin perfect bond are not adequate to describe wave 
interaction with such an imperfect interface. 
Recently we proposed approximating the actual interface with its complex 
properties by a thin interfacial layer with effective elastic properties and introducing 
equivalent boundary conditions to model it for small thickness-to-wavelength ratio. 
For some practical cases, the interfacial layer model is straightforward, as, for 
example, an adhesive joint or diffusion bond. In other cases, when the interface is 
imperfect and includes different micro defects , it can be considered as a multiphase 
composite layer with certain effective elastic properties [1). If the thickness of the 
interfacial layer is much smaller than a wavelength, one can simplify the problem by 
introducing equivalent boundary conditions to replace the interfacial layer. Rokhlin 
and Wang have performed such an analysis and derived the asymptotic boundary 
conditions (the first order) for an isotropic viscoelastic layer [2] or an orthotropic 
layer between isotropic substrates with a plane of symmetry coinciding with the wave 
incident plane [1, 3). The first order asymptotic boundary conditions for the 
general anisotropic case have been used in [4,5] to analyze reflection-transmission 
phenomena, and in [6) to analyze the interface wave phenomena. Besides this method 
of asymptotically expanding the boundary problem, other asymptotic methods have 
recently been proposed by Bostrom et al using series expansions of governing 
differential equations [7) and by Wickham using approximations in boundary integral 
methods [8). 
In this paper, we will derive the second order asymptotic boundary conditions 
through a center difference approximation to the system of differential equations. 
Here the second order asymptotic boundary conditions are given for a thin orthotropic 
layer of arbitrary orientation between two solids. This is equivalent to a monoclinic 
interfacial layer. The second order approximation was briefly discussed in ref. [6]. 
SECOND ORDER ASYMPTOTIC BOUNDARY CONDITIONS 
To introduce the second order asymptotic boundary conditions for an interfa-
ciallayer we will use the transfer matrix approach. Assume an exact transfer matrix 
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B, which relates the particle displacements it and stresses if on the top (Ui, (Tik) and 
bottom (u:, (Tik) surfaces ofthe layer (plane (x,z) or (1,3) is the incident plane, (x,y) 
or (1,2) is the interface plane): 
(1) 
As the properties of the elastic system vary only in the z-direction, one can write 
the elastic field vector 0 (z) consisting of stress and displacement components as 
O(z) = (ux, uy, uz, (Tzx, (Tzy, (Tzzf(z), so the system of differential equations for the 
harmonic wave solutions takes the form: 
aO .-8z +ikAU = 0, (2) 
where A, called the fundamental elasticity tensor, was first studied in [9, 10] and k is 
the projection of the wave vector on the interface. In this case, O(z) is a harmonic 
function with factor exp(i(kx - wt)). 
This six-dimensional differential equation has the well-known matrix exponential 
solution 
O(z) = exp( -ikhA)O(z - h) = exp( -ikhA)O'(z), (3) 
where h is the thickness of the interfacial layer. Therefore the exact transfer matrix 
B in equation (1) is 
B = exp( -ikhA). (4) 
For general anisotropy, the 6x6 matrix A can be obtained by an algorithm given in 
[9-12] in a very complex form. A simple form of A for a monoclinic interfacial layer 
has been derived in references [4, 5]. 
To obtain simplified first and second order asymptotic boundary conditions let 
us expand the exact transfer matrix B of (4) in a series on the small parameter kh 
(thin interfacial layer ), 
(5) 
This equation will serve to define the order of precision of the boundary condition 
models. 
Taking the first order asymptotic expansion of B in equation (5), we have [4,5]: 
(6) 
So the first order asymptotic boundary conditions are: 
(7) 
or 
O(z) - O'(z) = -ikhAO'(z). (8) 
The matrix -ikhA for a monoclinic layer is shown on the next page. For discussion 
of these first order asymptotic boundary conditions, the reader is referred to [4, 5]. 
To improve the accuracy of the approximation, we take the second order 
asymptotic expansion of B in equation (5), 
B = 1- ikhA - ~(khA)2 + O(khA)3 = 13' + O(khA? 
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(9) 
But in such a representation the matrix E' loses its simple form. Use of the second 
approximation in the above form also makes the inversion problem more complicated. 
Instead of taking directly the first two terms in the matrix series expansion of E, 
we may take the center difference approximation to the exact differential equation (2) 
in the form, 
U(z) - U'(z) = -ikhA U(z) + U'(z) , 
2 (10) 
(Compare this equation with (8)). We can write the above equation in matrix form 
for an orthotropic layer of arbitrary orientation (or monoclinic): 
Ux - u~ 0 
, 
U y - uy 0 
U z - u~ C13b 
- 13 C33 
O'zx - O'~x 
-w2Mpl 
, 
O'zy - O'zy b51 
O'zz - ~z 0 
where 
0 
0 
C36 
-b13 C33 
b51 
b13 
0 
0 
0 
1 
Ktl 
bt5 
o 
o o 
-w2Mp2 0 0 0 
o _w2 Mn b13 0 
0 
U x + u~ 
2 , 
0 
Uy + u y 
2 , 
1 U z + U z 
Kn 2 , C13 . O'zx + O'zx 
-b13 2 , ~3 O'zy + O'zy 
~b13 2 , C33 O'zz + O'zz 0 2 (11) 
b 'kh b C45 h b = _k2h C13C36 - C16C33 . 
13 = -z , 15 = - C C C2' 51 C33 ' 44 55 - 45 
K - C44C55 - C~5 K _ C44C55 - C~5 K _ C33 . 
tl - C44h ' t2 - C55 h ' n - h ' 
Mn = Poh, Mpl = MnQl, Mp2 = MnQ2; 
_ 1 Cn C33 - C;3 _ 1 C33C66 - Ci, 
ql - - , Q2 - -C33 Po V2 C33Po V2 
Here Po, Cjj are the density and the elastic constants of the interfacial layer; V is the 
interface wave velocity and h the layer thickness. This representation of E is valid 
for IkhAI ~ 1, i.e. for layer thickness much smaller than the smallest wavelength in 
the elastic system. 
The representation (11) may be considered as a boundary condition with 
simplicity comparable to that of the first order asymptotic boundary conditions (8) 
but, as we show below, preserves all second order terms of the exact solution. The 
only difference is that on the right side of (8) the elastic field in the lower substrates 
U'(z) is replaced by the average of the upper and lower elastic fields U(z) ~ U'(z). 
To find the order of this approximation let us rewrite boundary conditions (10) in a 
transfer matrix form (1): 
U(z) = (i + ik~Atl(i - ik~A)U'(z) = EIIU'(z), (12) 
where the equivalent transfer matrix EII is 
(i + ikhAtl(i _ ikhA) 
2 2 (13) 
i - ikhA - ~(khA)2 + ~i(khA)3 + O(khA)4. 
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Comparing with equation (5), we note that the boundary conditions (10) are iden-
tical in second order to the exact solutions. The third order term in (13) is different 
from that of the exact solution (5), and therefore (13) is the second order 
approximation to the exact transfer matrix i3. For calculation the boundary 
conditions in the simple form (11) can be used directly. 
Like the first order asymptotic boundary conditions, the second order 
asymptotic boundary conditions include all the coupling terms (terms involving with 
b13 and b1S ) and mass terms (Mpt, Mp2 and Mn). For more discussion of these terms, 
refer to [3, 5]. The asymptotic boundary conditions can be applied for the isotropic 
substrates as well as the anisotropic substrates. For a monoclinic interfacial layer, 
the SH-component of elastic fields is coupled with the longitudinal and SV 
components even for the isotropic substrates. 
The solution obtained is asymptotically valid in second order and in general 
coupling and mass terms cannot be neglected. Nevertheless, for very low 
frequencies further-simplified boundary conditions may be considered. If we neglect 
all the coupling terms in equation (11), we have a so-called stiffness-mass model (or 
shell model). Note only that our mass terms differ by factors qi [2,5]. One may also 
note that the stiffness-mass model has a form similar to the so-called quasi-static 
model [13] in which the stiffness and mass terms are defined differently. For a very 
thin low density layer, the boundary condition model may be simplified further after 
neglecting all the mass terms Mn, Mpl and Mp2 , therefore becoming a simple stiffness 
model. The stresses are continous through the interface in this case. 
DIFFERENT BOUNDARY CONDITION MODELS 
In addition to differences between different models in the accuracy in 
calculation of wave scattering from a thin interfacial layer, there are also differences 
in important physical aspects: energy conservation and scattering from a 
homogeneous substrate/layer/substrate system (in a physically correct model there 
should be no scattering from a layer with properties equal to those of substrates). 
Energy conservation is satisfied when the total energy flux of the scattered waves 
and the directly transmitted wave equals that of the incident wave. The second order 
approximation (ll) satisfies the energy balance for reflected and transmitted waves 
while the first order approximation and higher order approximations in the form (5) 
do not. This is clear since only the exact solution satisfies the energy balance and 
the asymptotic representation of the reflected and transmitted waves in the form (5) 
does not satisfy energy equality exactly. While the set of conditions (11) does not 
have the correct third order term, it has the important property of energy 
conservation. For other more simplified models, energy balance may be satisfied 
regardless of how good the approximation is (satisfaction of energy balance does not 
guarantee a good approximation to the exact solution). The results for different mod-
els are summarized in Table I where the quality of approximation to exact solution is 
also shown (1 is the highest rating). The quasi-static model [13] is not rated in this 
case since its matrix elements are defined differently and depend on the substrates. 
From Table lone can see that boundary conditions which are symmetrical relative 
to the center plane of the interfacial layer all satisfy energy balance; in other words 
preservation of geometric symmetry is required for energy conservation (first order 
boundary conditions (8) are not equivalent with relation to (j and (j/). 
Next let us take the interfacial layer to be the same material as both substrates; 
in other words, take a homogeneous substrate/layer/substrate elastic system. When 
the layer is replaced using various approximated boundary conditions, wave 
scattering from the layer may occur as shown in Fig. l(a). In other words, the 
approximate boundary conditions may not give full transmission for an oblique 
incidence wave and may predict mode conversions. The results for various models for 
oblique incidence on the interfacial layer are summarized in Table II. 
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Table I. Energy conservation in various boundary condition models. 
boundary condition models 
second order boundary condition (11) 
first order boundary condition (7) 
stiffness-mass ((11) without coupling terms) 
(7) without coupling terms 
energy conservation 
yes 
accuracy 
1 
stiffness (( 11 or 7) with stiffness terms only) 
quasi-static [13] 
no 
yes 
no 
yes 
yes 
2 
3 
3 
4 
Table II. Scattering for a homogeneous substrate/layer/substrate system. 
boundary conditIOn models scattering 
second order boundary condition (11) no 
first order boundary condition (7) no (+) 
stiffness-mass ((11) without coupling terms) yes 
(7) without coupling terms yes 
stiffness (( 11 or 7) with stiffness terms only) yes 
quasi-static [13] no (++) 
+ Only loss of energy in transmission O(kh)2j no mode conversion. 
++ The quasi-static model degenerates into the perfect boundary condition 
model, since masses will equal zero and stiffnesses will equal infinity. 
From Table II one notes that the first and second order asymptotic boundary con-
ditions which include the coupling terms do not predict mode conversions in a homo-
geneous substrate/layer/substrate elastic system, although the first order boundary 
conditions predict energy loss in the transmitted field. This demonstrates the impor-
tance of retention of the coupling terms in the approximate boundary conditions. 
In conclusion, the second order asymptotic boundary conditions (11), in 
addition to their higher order accuracy, satisfy the energy balance for reflected and 
transmitted waves and give zero scattering or absorption from an interfacial layer 
with properties equal to those of the substrates. 
NICKEL (CUBIC SYMMETRY) 
1 
3 )-.----------- --------
81 /<;?;;~::i~~~t~~~~~~~~f~~; :~~:~.- --
h -,' 
h II 
NICKEL (GENERAL ANISOTROPY) 
(a) (b) 
Fig. 1. (a) Scattering problem for a homogeneous substrate/layer/substrate system. 
(b) Imperfectly bonded nickel-nickel interface. h is the layer thickness. 
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REFLECTION FROM AN ANISOTROPIC IMPERFECT INTERFACE 
To demonstrate the accuracy of the second order asymptotic boundary 
conditions, we consider an example of quasilongitudinal wave reflection from a 
nickel-nickel imperfect interface. The problem geometry is shown in Fig. l(b)j the 
material properties were given in reference [5J. The upper medium is a nickel of 
cubic symmetry and the lower medium a nickel of general anisotropy. The imperfect 
interface is modeled by a parallel row of cylindrical pores. The pore direction has a 
deviation angle cp from the interface wave normal. The matrix embedding the pores 
is taken as isotropic nickel (an anisotropic matrix can be used as well) [5J. The 
effective elastic moduli are calculated from Christensen's 2-phase model [14J. 
C 0.12 
-- EXACT SOLUTION 
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••••• FIRST ORDER C = 0.2 U 
L:;: 
..... "'''' ...... STIFFNESS 
W 0.08 0 
U 
Z 
0 
l- •• U • • W 
....J 0.04 
..... 
I1AAb.6.1l.6 W 
e::: • t·+~+++++ 
• ! + + + 
>- • + 1; ~ 1;'" 
e::: ! 
w 
z 
w 0.00 
0.0 0.2 0.4 0.6 0.8 1.0 1.2 
h/At 
Fig. 2. The energy reflection coefficient rll as a function of hI At for different model. 
Incident angle OJ = 600 , pore deviation angle cp = 300 and porosity C = 0.2. 
The energy reflection coefficients rll for a reflected quasilongitudinal wave 
calculated using different boundary condition models are compared with the exact 
solution, obtained using an algorithm provided in [5J. The incident wave is a quasi-
longitudinal wave with incident angle OJ = 600 • The calculated rll values are 
presented in Fig. 2 as a function of nondimensionallayer thickness parameter hI At. 
The interfacial layer has a porosity C = 0.2 and a pore deviation angle cp = 300 • 
Note that At is the wavelength of the slow transverse wave inside the layer 
propagating normal to the interface. In this figure the exact solutions are represented 
by a solid line, the second order asymptotic solutions (11) by open circles, the first 
order asymptotic solutions (7) by closed circles, the solutions using the stiffness-mass 
model by crosses and the solutions using the stiffness model by open triangles. The 
maximum corresponds to a half wave length resonance. The second order solution 
gives much better approximation at higher hI At. The two simplified models are only 
acceptable at very low values of hI At. This demonstrates the importance of retaining 
the coupling terms in the approximate boundary condition models. 
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INTERFACE WAVES 
The characteristic equation for the interface wave can be found by setting the 
determinant of the boundary condition matrix to zero [6]. The algorithm for 
calculation for the exact solution of the interface wave velocity is also given in [61. 
Here we consider the dispersion equations for the anti symmetric interface waves when 
the substrates are identical and isotropic. The interface wave normal coincides with 
one of the axes of symmetry of the orthotropic interfacial layer. 
For the case with two equal semispaces the equation (11) decouples for 
anti symmetric and symmetric cases and the number of system of equations (11) 
reduces to half. The dispersion equation obtained is 
G55 . 2 - POal -] - i (PO G55 2)-2 
-[-z2(3 - 20' a2h - -h - ~rh - - --, + -,a h = O. 
JL P 2 P JL 
(14) 
where 0'= k/kt ; k and kt are the wave numbers of the interface wave and the shear 
wave of the semispace respectively; P is the density, JL the shear modulus of the 
semispace; e = Yt/Vi, Vi and Yt are respectively the longitudinal and transverse wave 
velocities in the semispaces; (3 = vI - 0'2" = J{2 - 0'2, W = 20'2 -1, al = 0'2+(3" 
a2 = - W - 2(3" ~r = W2 + 40'2(3, is the characteristic function for the Rayleigh 
wave; Po and Gij are the density and the elastic modulus of the interfacial layer and 
h, = kth. Equating the second order terms (terms including h,2) to zero one obtains 
the interface wave characteristic equation in the first order approximation previously 
obtained in references [3,15]. 
It is plain from Eq. (14) that even in the second order approximation the 
asymptotic dispersion equation for the antisymmetric mode depends on only one 
elastic constant G55 (in-plane shear modulus) of the interfacial layer material. The 
term including a2h, or a2h,2 is associated with the coupling between the normal and 
transverse elastic fields. 
The calculated antisymmetric wave velocity using different models is given in 
Fig. 3 as a function of h / At for a porous interfacial layer between In-l00 alloy 
substrates (with parameters Vi = 6.08 km/s, Yt = 3.28 km/s, P = 7.84 g/cm3). The 
interfacial layer material is the same alloy filled with cylindrical pores. The 
porosity of the interfacial layer is G = 0.6. The exact solutions are represented by 
a solid line, the second order solutions by open circles, the first order solutions by 
closed circles, the solutions using the stiffness-mass model by crosses and the 
solutions using the stiffness model by open triangles. One can see that the second 
order approximation works much better than the first order approximation, while the 
solutions using the simplified models have large deviations even for small hi At values. 
This once again demonstrates the necessity of retaining all the coupling terms in the 
approximate boundary condition models. 
SUMMARY AND CONCLUSIONS 
Second order asymptotic boundary conditions are given to describe wave 
interaction with a thin anisotropic interfacial layer between two anisotropic solids. 
The special form of the second order boundary conditions gives solutions which 
satisfy energy balance and predict no scattering from an interfacial layer having 
properties equal to those of the substrates. 
An imperfect interface with an array of volumetric imperfections (like 
porosity) may be modeled as an interface with a thin anisotropic layer. The second 
order asymptotic boundary conditions describe accurately the wave interaction with 
such an interface. It has been shown that in any case the retention of coupling terms 
in the asymptotic models greatly improves the accuracy of the approximation; this is 
especially critical for analysis of the localization of interface waves. 
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Fig. 3. Antisymmetric interface wave velocity as a function of hi At for different 
model. Pore deviation angle 'P = 0° and porosity C = 0.6. 
Mathematically it is much simpler to analyze wave phenomena using the second 
order asymptotic boundary conditions than the exact solution since there is no need 
to describe the wave behavior inside the interfacial layer. In addition, for the 
decoupled symmetric and antisymmetric cases, the rank of the system of equations 
for the second order approximation (11) reduces by half. 
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